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Abstract

We present stationary expressions for the on-shell time delay operator and for
its trace in quantum-mechanical potential scattering. The trace of this operator
is shown to represent the time delay for a monoenergetic and well-collimated
beam of initial states. For exponentially decaying potentials the total scattering
cross section and the trace of the on-shell time delay operator have analytic
extensions to complex energies, with poles at most at the usual resonance poles
(poles of the analytically continued S-matrix) in the lower half plane and at
their mirror images with respect to the real axis. At real energies close to such
a pole both the scattering cross section and the time delay are approximately of
Breit—Wigner type, the sign of the time delay being related to that of the virial.
These results corroborate the idea that a resonance should show up through a
peak in the scattering cross section and a large (though positive) time delay.

PACS number: 03.65.Nk

1. Introduction

The concept of scattering resonances has been developed and formalized in a very large number
of publications. The principal characteristic of a resonance phenomenon is usually considered
to reside in a sharp peak of the scattering cross section but, as pointed out in the literature (e.g.
chapter 11 of [1], chapter 13 of [2]), this should be concurrent with a large positive time delay.
This idea has been used in various calculations of resonance states or resonances (e.g. [3-5]).
Our aim here is to show that, in situations where a resonance can be associated with a pole
of the analytically continued S-matrix, there will be a strong correlation between peaks in the
scattering cross and large (positive or negative) time delays. More precisely we shall prove
that the time delay will also admit an analytic continuation having poles at the same points as
the S-matrix.

We shall consider scattering theory for self-adjoint Schrodinger operators H = Hy + V
in the complex Hilbert space H = L*(R"). Here H, is the usual self-adjoint realization of
the differential operator —A = — "7 _ (9/dx;)? and V is a short range potential. We assume
that n > 2; with some care in the formulation our results are also valid for n = 1.
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The notion of time delay for a scattering situation was introduced by Eisenbud [6]
and Wigner [7]. In the Hilbert space approach it is described by a self-adjoint operator T
commuting with Hy. It follows that T is decomposable in the spectral representation of Hy
(see equations (6) and (7)): there is a measurable family {7 (A1)},-o of bounded operators
acting in L?(S"~") such that, if f; € L?(S"~") denotes the component at energy A of a state
vector f, then (Tf), = T(A)f, for each f in the domain of T. The results of [6] suggest
that the on-shell time delay operator 7' (1) should be related to the S-matrix S(A) by the
formula 7(A) = —iS(A)*dS(X)/dA. The decomposable operator determined by the family
{=1S(A)*dS(A)/dA}s~0 is usually called the Eisenbud—Wigner time delay operator.

We mention some other approaches to the question of time delay. Smith [8] proposed
to define time delay as the difference of the sojourn times of the scattering state and of the
initial state in balls of large radius p (more precisely one would finally take the limit p — ©0).
Thus, if f is a normalized state vector (|| f|| = 1) describing the initial state and g = Q_ f the
associated scattering state (with 2_ the wave operator corresponding to the limit 1 — —o00),
then the time delay for this state should be given by the expression

(f, Tf) = lim [foodr / dx|e™'Q_ () — /oodr f dxl(e”")’f)(x)lz] (1)
PRl )00 JIxI<p —oo  Jx|<p

The existence of this limit and its relation with the Eisenbud—Wigner time delay operator has
been investigated by various authors (see the references given in the review by Martin [9]
and in [10]). In [10] it was proved, essentially for potentials decaying faster than |x|~2, that
the limit in (1) exists for a dense set of vectors f and coincides with the expectation value
(f, —1S(A)*dS(1)/dArf) of the Eisenbud—Wigner time delay operator.

A different time-dependent expression for time delay was given by Lavine [11], namely

o0
(f, HoTg) = / (e7 ol £, Q* VQ_e ) dt, )
—0o0
where
V:V+%[D,V]=V+%DV—%VD 3)

and D = i) !'(x - V+ V .x)is the generator of the dilation group. Jensen [12] has
studied the expression on the rhs of (2) and proved a theorem giving equality of T with the
Eisenbud—Wigner time delay operator; his result applies to potentials decaying faster than
x|~

In order to arrive at an expression for the differential and the total scattering cross section
in the Hilbert space formulation of scattering, one has to introduce an appropriate description
of an essentially monoenergetic and well-collimated beam of initial states. Under suitable
hypotheses this leads to the usual expression for the differential scattering cross section at
energy X as the absolute square of the scattering amplitude f(A; @ — «’) for scattering from
the initial direction w into the final direction «’. Upon integration of the differential scattering
cross section over all final directions and averaging over all initial directions, one finds that
this averaged total scattering cross section & () is given by a multiple of the square of the
Hilbert—Schmidt norm of the on-shell operator R(A) := S(A) — I. In discussing resonances it
then seems natural to define in a similar way a time delay for a beam. The detailed calculation
will be indicated in section 4. It will be found that the time delay for a beam, at energy A, is
proportional to the trace 7(A) of the operator 7'(A). We note that the trace of 7'(A) has also
been considered in a related context by Bollé and Gesztesy [13].

In situations where the S-matrix S(A) has an analytic continuation into some complex
domain, its poles (and consequently those of the scattering amplitude) lie in the lower half
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complex plane. These poles are often referred to as resonance poles. It turns out that
the averaged total scattering cross section & (1) and the time delay t(A) then have analytic
continuations too. Since the scattering cross section also involves the complex-conjugate of
the scattering amplitude (or the adjoint S(A)* of the S-matrix), it will have poles also in the
upper half plane. The poles in the upper half plane form conjugate pairs with the resonance
poles in the lower half plane, a pair consisting of a resonance pole and its mirror image with
respect to the real axis. Similarly one finds (see section 5) that the possible poles of the time
delay t(A) are located at the points of these conjugate pairs. In certain situations one may
expect the shape of & (1) and t()), as functions of the energy A near a resonance pole, to be
approximately of Breit—Wigner type (see section 6 for details). For the time delay the sign of
such a Breit-Wigner type approximation is related to the sign of V.

The paper is organized as follows. In section 2 we introduce our notations and present
various preliminary results most of which can be found in the published literature. In
section 3 we determine trace class properties of the on-shell time delay operator and continuity
properties of its integral kernel for potentials with a power decay law. Section 4 is devoted
to the derivation of the expression for the time delay of a beam, and in section 5 we discuss
analyticity properties of the averaged total scattering cross section and of the time delay for
exponentially decaying potentials. In section 6 we present an approximate treatment leading to
Breit—Wigner type expressions for these quantities. In order to avoid burdening the derivation
of properties of the time delay with technical details, we restrict our proofs in section 3 to
situations where the potential V and the virial V are bounded functions. In the appendix we
indicate how to generalize these results to a class of potentials that may have local singularities.

2. Notations and preliminary results

We denote by QO = (Qy,...,0,) and P = (Py, ..., P,) the n-component position and
momentum operator, by D = (P - Q + Q - P)/2 the self-adjoint generator of the dilation group
and by (Q) the operator of multiplication in L?(R") by the function x > (x) := (1 +|x|?)!/%.
We consider potentials V : R” — R that can be expressed in the form of a product of three
real-valued functions, V = UA? = AUA, satisfying the following conditions:

(Cy) (1) A is a smooth function satisfying A(x) > O for all x € R"” and |[A(x)|+ |[VA(x)| +
|[AA(x)| < c{x)™* for some constant c;

(i) U = U, + U, with real U; and U, satisfying U; € L*(R"), x - VU; € L*(R"), (x)U, €
L>®(R") + L1(R") for some ¢ satisfying g > 2 and g > n/2;

(iii) Uyx - Y2 belongs to L*(R") and Usx - ¥4 € L®(R") + LY(R") with q as in (ii).

Two cases of particular interest concern the functions A(x) = (x) ™ and A(x) = e %),
with ¥k > 0 and @ > 0. In the first case condition (iii) can be omitted, its validity follows from
(ii). For technical reasons we shall make stronger assumptions on U, in various developments.
In particular, we say that V satisfies condition (Cy ) if ¢ > n in (ii) and (iii).

We recall that a multiplication operator in L?(R") by a function § € L®(R") + L4 (R"),
with ¢ as in (ii), is Hyp-bounded as well as H-bounded. Except for lemma 1, where it suffices
to have k > 0, we shall always assume that (C,) is satisfied for some « > 1/2. So, roughly
speaking, the potential should decay faster than (x)~', but the presence of U, allows for local
singularities of V. Larger values of « are necessary in order to obtain finer properties of the
time delay operator 7(1): if V decays faster than (x)~", then 7' () is a trace class operator
and its integral kernel is continuous. Further on, in section 5, the function A will be assumed
to decay exponentially in order to allow for analytic continuation into the complex plane of
various A-dependent operators.
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Unless otherwise stated, (-, -) and ||-|| denote the scalar product and the norm in various
L2-spaces. ||-|| will also be used for the norm of operators acting in a Hilbert space or between
two Hilbert spaces. B(K) stands for the set of all bounded everywhere defined linear operators
in a Hilbert space I, B;(K) for the trace class of operators in . The symbols ||-||; and
I-|l2 are used for the trace norm and the Hilbert—-Schmidt norm, respectively. D(C) denotes
the domain of a linear operator C, R(C) its range and N'(C) its null space. I denotes the
identity operator in various spaces. We set R* = (0,00),C" = {z € C | Smz > 0} and
C ={zeC|3Imz<0}. Forze C'UC ,welet R? = (Hy—z) 'and R, = (H —2)"!
be the resolvent of Hy and H, respectively. We use the same symbol for functions defined on
R" and for the associated multiplication operators in L 2R, e.g. 0f)(x) =0(x)f(x).

Under the assumptions on V stated above (« > 1/2) the usual properties of scattering
theory are satisfied (see, e.g., theorem XIII.33 in [14]). The total Hamiltonian H = Hy + V,
defined as an operator sum on the domain D(H,) of Hy, is self-adjoint on this domain
and bounded from below. H has no singularly continuous spectrum, its spectrum o (H)
consists of an absolutely continuous part covering the interval [0, co) and possibly of a set of
eigenvalues in (—oo, 0]. In particular, A has no positive eigenvalues [15]. The wave operators
Q, =5 — lim,_ 1o &' e " and Q_ = 5 — lim,_, _,, e/’ e 1/ exist, and the scattering
theory is asymptotically complete: the range of each of the wave operators 2 is equal to the
absolutely continuous subspace H,.(H) of the total Hamiltonian H. The scattering operator
S = Q¥Q_ is unitary. The existence of the Eisenbud—Wigner time delay operator T and the
equality of the matrix elements ( f, HyT g) with Lavine’s expression (2) have been shown in
[12] under the assumption that the supports of f and g in the spectral representation of H
belong to a compact interval in (0, 00).

The expression for the virial V on the rhs of (3) determines a quadratic form on
D(H) = D(Hy), which may also be written as V = AU A with

g=v+v0- Y2+ 0 vu,—"v+ 1P ous— tuso - P @)
A 2 2 2 2
Here, for example, VA denotes the multiplication operator by the function VA(-) and
P-Q=3"_,PQ,

The potentials considered here satisfy the hypotheses (H1) and (H2) of our earlier paper
[10] on time delay. We shall use various estimates from that paper. In particular, by lemmas
2,3 and 6 of [10], we have the following results:

Lemma 1. Assume that V satisfies (C,) with k > 0. Let ¢ € Ci°(R) or let ¢ be the function
e(A) = (A —2)" ' with z € C\o(H), and let W be a Hy-bounded operator commuting with
Q. Then, for each s € R, all of the following operators (taking closure if necessary) belong to
B(LZ(Rn))

() 0(Ho)(Q)", (0) e(H)W(Q)™, (Q)' Pijp(Ho){Q)™",
(0) "' De(Hy)(Q)™", (Q)'p(H)(Q)™, (O e(HYW(Q)™",
(Q)Y Pip(H)(Q)™ (G=1L....n).

In what follows it will be important to know that various operators are smooth relative
to Hy or H. We recall that a closed operator C is said to be H-smooth on an interval J of
R* if there is a finite constant c¢; such that [* ||Ce ' E(J) f||>dt < c¢;|lf]|* for each
vector f € ‘H, where {E(-)} denotes the spectral measure of H; an equivalent condition is that
ICI(H—2z)""'—(H—2)"']C*|| < c; forall z withRe z € J and 0 < Im z < 1. The operator
C is said to be locally H-smooth on R* if it is H-smooth on each compact J C R*. We refer
to section XIII.7 of [14] or section 7.1 of [16] for details on the theory of smoothness.
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Often locally H-smooth operators are constructed by proving a Mourre estimate on J [16].
In such a case one even obtains the existence in norm of the limits of C(H — A £ ig)~'C* as
& — +0for A € J. A simple example is given by taking C = (Q)™”, p > 1,and H = Hy. In
this case a very easy argument (see equation (7.0.3) of [16]) shows that, given § > 0, there is
a constant ¢s such that, for A > §,0 < ¢ < 1 and f in the Schwartz space S(R"):

d
o (Ho— 2+ ie) ' f)| < e 2ULFIIP + IDFIP). ®)

By taking functions f of the form f = ¢(Hy)(Q) "g, with g € S(R") and ¢ € C{°(R) such
that ¢ () = 1 in some neighbourhood of A, and by using the boundedness of Do (Hy)(Q) ™"
(lemma 1), one obtains the convergence in norm of (Q) " (Hy — A £ ie) "' (Q)™” as ¢ — +0,
uniformly in A > & (for p > 1). This result also holds for any p > 1/2, and one has the
estimate ||(Q) " (Hy — A £ ie)"1{Q)~?|| < cA™'/?> for all A > § > 0, where ¢ is a constant
depending on p and § (see, for example, the proof of lemma 5 in section XIIL.8 of [14] by
considering also the A-dependence of the occurring constants). For the class of Hamiltonians
considered here (V satisfying (C,) for « > 1/2) it is well known (see, e.g., chapter 4 of [17])
that (Q)~"(H — A % is)~'(Q) " converge in norm as ¢ — +0 foreach A > O and p > 1/2,
uniformly in A on each compact J C R*, showing that (Q)~” is locally H-smooth on R* for
these values of p.

Smooth operators relative to Hy allow the construction of operators mapping between
H = L>(R") and L*(S"~"), where $"~! denotes the unit sphere in R": §"~! = {x € R"||x| =
1}. The space L?(S"~') occurs naturally in the spectral representation of Hy: one identifies
L?(R") with the space K = L*>(R*; L?(5"!)), the Hilbert space of L>(S"~!)-valued functions
defined on R* = (0, 00), by the unitary mapping Fy given as follows:

(Fo f)(M; @) = 27120024 F 1) (Vw), LeR", wesS', (6

where F denotes Fourier transformation. For simplicity, we shall write f; (w) for (Fy f)(X; w).
If f € L>(R"), then the family {f;} (5. € L?>(S"~") for a.a. A € R*) gives the representative
of f in the spectral representation of Hy:

o
(Hof).=xf,  if feD(Hy), and | fl @) = / I fill 720y 2 (7)
0

The norm in L2(S"~!) is defined in terms of the induced Lebesgue measure on §”~'. We shall
denote this measure by dw.

If C is a closed operator such that its adjoint C* is locally Hy-smooth on R*, then there
exists a measurable family of bounded operators {M¢(A)}0 from L*>(R™) to L?(S™1) such
that supyc,||Mc(L)|| < oo for each compact J C R¥,

(Cf).=Mc) f for aa. x>0, VfeD(C) (8)
and

C*'f = f Mc (L) fi dA if Fyf has compact support in R™. )
R+

The proof can be found in section 17.1.2 of [18] (and essentially also in the original paper by
Kato [19] or in lemma 10.20 of [20]). In many situations encountered here the operator C will
in fact be bounded.

We mention a few simple consequences of (8) and (9):

Mcz (M) = Mc(W)Z if ZeB(L*R")), (10)
Myyc(A) = Mc (M) if ¢ e CPRY) with @) =1. (11)
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Also, if C; is a second operator satisfying the conditions imposed on C, and if ¢ € L*°(R)
has compact support in R*, then for f € D(C) and g € D(Cy)

(f.CTo(Hp)C1g) = /R+ eM(Mc ) f, Mc, (0)8) 2501, s

which implies that

C*o(Hy)C) = / 0O Me ()" Me, (0) i, (12)
R+

If C, is unbounded, the left-hand side of (12) should be interpreted as the (bounded) closure of
the densely defined operator C*¢(Hy)C|. In general, the integrals in (9) and (12) are Bochner
integrals. In most applications the integrand in (12) will be (at least strongly) continuous in A
and the integral may be interpreted in the sense of Riemann.

The following consequence of (12) will be important. Assume that, for © > 0,
the limits of C*R{,;.C; and C*Rj_,.C; as ¢ — +0 exist, or more generally that
lim,_, .o C* [R,Omg — RZ—is]Cl exists (e.g. in the norm of B(H)). Assume also that A — M (X)
and A — Mc¢, (1) are continuous (e.g. in norm) on R*. Let ¢ € C§°(R) with ¢(A) = 1 in
some neighbourhood of p. Then

Jim, €[ R = Ry JC1 = Jim, C[Rivie = RyieJo (Ho)Co
1 1
= 1li — MMcA)*Mc, (L) da
sinjo R [A—M—is A—M+i8](p( WMc () Me, (M)

=2miMc(u)* Mc, (1),

ie.,
* 1 . * o o
Mc(n)"Mc,(n) = i Jim € [Resie — Rj_ic]C1. (13)

We consider some special cases that are important in our applications. The results of
examples 2 and 5 will be needed only in the appendix.

Example 1. C = (Q)™”, with p > 1/2. Then C is Hy-smooth on (§, co) for each § > 0.
Thus (at least formally)

Mc) f = (Cf), =272y /2 =2/ f e V) f(x)dx. (14)

n

In this case M ()) is an integral operator with kernel given by
K(}\,, w, X) — 271/2(27[)71‘1/2)\’(}172)/4 efiﬁwdc (x>7p.

By (13) and the bound for [|[(Q)~"(Hy — A £ ie)~'({Q)~"| given below equation (5),
one has |[Mgy-»(M)| < A4 for v > 1. If p > n/2, KA w,x) is a Hilbert—
Schmidt kernel, so in this case M g)-»(A) is a Hilbert—-Schmidt operator. Also, by using
the inequality |e'* — | < 2'V|a — B|"(0 < v < 1,a, B € R), one easily finds that
A+ M-+ (1) is then Holder continuous in Hilbert—-Schmidt norm on R*, with Hélder
index given by min(l, p — n/2). In particular, if A is as in (C,) and « > n/2, then
Ms(A) = Mgy-+«)[(Q)A] is a Hilbert-Schmidt operator, the mapping A +— M4(A) is
Holder continuous in Hilbert—Schmidt norm and ||M4(A)|| < cA™'/4 for A > 1.

Example 2. If (C, ) is satisfied with x > 1/2, one can also give a meaning to M 4y (1) and more
generally to M9 (X) if 0 is the multiplication operator by a function 8 € L*(R") + LY(R")
with ¢ > 2 and ¢ > n/2. The operator (A9)* is locally Hp-smooth on R*: if J is a
compact interval in R* and E((J) the associated spectral projection of Hy, write (A60)* E¢(J)
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as AByr (Hy) ()< x (Q)“ Eo(J) with y € C°(R*) such that y (Ho) Eo(J) = Eo(J), observe
from lemma 1 that ABv (Hy)(Q)* is bounded and that (Q)~* is locally Hy-smooth on R*. For
f € D(P) one has

MaaG)f = (A0f), =212y "0 [ e e Aot f ) ax.
Since (A6)(-) belongs to L>(R") if k > n/2 by the Holder inequality, M 4¢() is a Hilbert—
Schmidt operator if x > n/2 and depends continuously on A in Hilbert—Schmidt norm.

Example 3. Let C be a closed operator such that C* is locally Hy-smooth on R* and such that
the closure of (Q)* v (Hp)C belongs to B(H) for some s > 1/2 and some bounded continuous
function ¥ on R*. Then, if A € R* is such that ¥ (1) # 0, one has, for f € D({Q)* ¥ (Hy)C),

1 1
McWN)f = —— =S S (Hy)C = ——M o) (A Svr(Hy)Cf.
cMf w(/\)[(Q) (OY Y (Ho)CSf 1 oy e (M(Q)Y' ¥ (Ho)Cf
So
Mc(L) = ——
c) e
If, furthermore, s > n/2, Mc(X) is Hilbert—-Schmidt and depends continuously on A in
Hilbert—Schmidt norm.

M)~ (M{Q) ¢ (Hy)C]. (15)

Example 4. C = Q1 (Q)™",p > 1/2. By using the intertwining relation Qi@(Hy) =
@(H)Q2+ and the fact that (Q)~” is locally H-smooth on R*, one sees that (Q) Q.
are locally Hy-smooth on R*. So M), (1) exist for each A > 0 as bounded
operators from LZ(R") to L?(S"!). In particular, if A is as in (C,) and k¥ > 1/2, then
Mag.y(A) = Myoy~a.)-(M(Q)A] are well defined. If x > n/2, these operators are
Hilbert-Schmidt. The continuity in Hilbert-Schmidt norm of the mappings A = M4q,)- (1)
can be obtained by using mapping properties of the wave operators between weighted
L?-spaces. For example, if « > n/2andn > 3, itis known [21] that (OQ) ¥ (Hp)ULA € B(H)
if ¢ € C§°(R"), so that one can apply example 3 to obtain the above-mentioned continuity
property. Alternatively the continuity in Hilbert-Schmidt norm of A — Maq,)-(1), with
k > n/2, follows from the expression (33) for M40, )-(1).

Example 5. If 6 is as in example 2, one can define M4q,)-¢(A) by proceeding as in
example 2. If J and v are as in example 2, one may write AOQ1Eo(J) = Ady (H){Q)* x
(Q)*QiEy(J). It follows that AGQ. are locally Hy-smooth because (Q)~*Q. are locally
Hy-smooth as already pointed out in example 4 and Afv (H)(Q)* € B(H) by lemma 1.

We now introduce the operators K? = ARJA, K, = AR, A, W) = UK?and W, = UK.
This defines four families of compact operators in C\o (H) each of which is norm analytic.
The compactness of K? and W7, for z ¢ [0, 00), is obtained by noticing that the function
R" 5 k — (k* —2)7! belongs to L?(R") for each p > n/2, that A € L*>@R") and
UA e [L*(R") + L7(R")] with ¢ as in (ii) of (C,) (remember that ¥ > 1/2, and take into
account lemma 3.13 of [22]). The compactness of K, and W, follows from that of K and
W? respectively by observing that, by the second resolvent equation (I denotes the identity
operator), one has for z € C\o (H)

K.=Ko(I+w) " =(+wo) ke, wo=wo(1+w?). (16)

Here the operator (I + WZ")_l belongs to B(H) for each z ¢ o(H) by the analytic
Fredholm theorem (theorem VI.14 of [23]) and by the fact that the eigenvalues of H are real
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(if W2 f = —f for some f € H, with z ¢ [0,00), then VRIAf = AW/ f = —Af =
—(Ho — 2)R7Af; hence RZAf is an eigenvector of H associated with the eigenvalue z).

The operators K7, K, W? and W, can also be defined for z on the positive real axis R*
by a suitable limiting procedure from the upper or the lower half plane. This can be achieved
for example by using a Mourre estimate and the fact that there are no positive eigenvalues for
Hj and for H. For a different approach, let us consider a pair of H-bounded operators C, N
having the following properties, for some p > 1/2: (i) the closures of CR, N and (Q) "R,N
are in B(H) for each non-real z, (ii) the closure C,, , of C(H + m)~HQ)” is in B(H) form <
info (H). By the first resolvent equation one has

CR,+ieN = CR_,N + (m+ 1 % ie)Cpy ,(Q) " RyzicN. (17)

Suppose that (Q) " R; 1. N converge in norm as ¢ — +0. Then (17) implies that the norm
limits of CRy+i. N as ¢ — +0 exist. We shall use the notation CR; 4 ;o N for these limits and
sometimes write C (R;.+i0 — Ry—io) N for CR;+joN — CR;_joN. Some simple consequences of
(17) are collected in the following lemma, and further applications are given in the appendix.

Lemma 2. (a) For each A > 0, the operators K7 ,, WY, Ki+io and Wy o exist as norm
.. -1
limits and are compact. Furthermore (I + WY, )" € B(H).

(b) All operators defined in (a) depend continuously on A in norm.

(¢)One hasR(KY, ;o) € D), R(K;+i0) € DW) and UK, o = Wiy, UKxio = Wisio.
(d) For j = 1,...,n one has R(Kfiio) C D(P;) and R(K;+i0) S D(P;). The operators
P; K7, i, and P;K; i belong to B(H).

Proof. (a), (b) The existence of K7, ,, and W/, ., and their continuity as functions of A are
obtained from (17) by setting H = Hy,C = AorC = UA, N = A and p = « (then the
closure of C(Hy +m)~'(Q)* is bounded by lemma 1). To see that (/ + Wfiio)_l € B(H),
it suffices to know that —1 is not an eigenvalue of W)_,, (by the compactness of W/, ). If
W7, o f = —f for some f in H, one can show that R}, . Af (suitably interpreted, see, e.g.,
lemma 8 in section XIIL.8 of [14]) defines an eigenvector of H with eigenvalue A, and we have
seen that such eigenvalues do not exist if A > 0.

The continuity in norm of z (I + WZ")_l on C* UR* and on C~ U R* is now a
consequence of the compactness of W7 (see, e.g., lemma 9.5 of [20]). Finally, the existence
and properties of K 1o and W, 1 iy follow by setting z = A £ i¢ in (16) and letting ¢ — +0.
(c) Let f € H and set f, = AR, .Af. Then f, € DWU), fe = K,siof and Uf, =
Witief — Wiyyof strongly as ¢ — +0. Since U is a closed operator, one has
UKsiof = Wisio S
(d) We take C = P;A, N = A and p = « in (17). After writing CR, = AP;R, —i(3;A)R,,
and by taking into account lemma 1, one sees that all conditions for obtaining the existence
of the limit in (17) are satisfied. So P; AR+ i;A have norm limits as ¢ — +0. As in (c),
one finds that R(K)+i) € D(P;) by using the closedness of the operator P;. The fact that
P;K;+i0 € B(H) follows from the closed graph theorem (problem II1.5.22 in [24]). O

Lemma 3. Assume that V satisfies (C,.) with k > 1/2. Then one has, for each A > 0,

1
Mag,) (W) Mag,y- (M) = Mg y»(R)* Mg (1) = %[Kmo — Kj—io] (18)

and

1* 1

K10 — Kj—io = (1 + W;?+i0)_ [ 0 — K;—io] (I + on+io)_ . (19)
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Proof. (i) By taking C = C; = (AQ)* in (13), with Q either 2, or Q_, we get for A > 0
2miM aq)y (M) *M(agy (M) = glinEOAsz[R;m —R)_,]2*A
= lim A[Rysic — Ry—ic]QQ*A = lim A[Rysie — Ri—ie]Eac(H)A.
e—>+0 e—>+0
Here E,.(H) = I — E,(H) is the spectral projection of H onto its absolutely continuous
subspace, with E,(H) being the projection onto the subspace spanned by the eigenvectors of

H. Since H has no positive eigenvalues, one has lim,_,o(Ry+ic — Ry—is) E,(H) = 0 for A > 0.
So

2miM a0y (M) Magy(A) = El_i)I{FIO[K,mg — Ki—ie]l = Kitio — Ki—io-

(i1) By (16) we have K; = (I + W;)il*Kg. Hence

K.—K:=K(I+W)" —(1+w?) k¢
= (1+w) [T+ W) KO — KT+ W)](T+ W) (20)
By observing that K¢W? = ARV R?A = W?*K?, this leads to the relation
K.—K:=(1+W?) (ko= k) (1 +w?) ™", @1)
Equation (19) follows from (21) by setting z = A + i¢ and taking the limit ¢ — +0. ]

Proposition 1. Assume that V satisfies (C,) with k > n/2. Then, for each A > 0, the
following operators are of trace class : K7 o — KJ_i0s Wyo — Wi, Kavio — Ki—io and
Wi+io — Wi_io. As functions of A, all of these operators are continuous in trace norm.

Proof. (i) By (13) we have, for A > 0,

0 0 1 0
o — Ki_jp = lim A(Rm»s
e—+0

— R{_,,)A =27iMA(W)*Ma (D). (22)

Since M4 (1) is Hilbert—Schmidt if ¥ > n/2, the operator K3 ,, — K7_;, is trace class. Its
continuity in trace norm follows from the continuity in Hilbert—Schmidt norm of the mapping
) +> M4 (%) (using the inequality Y Z |l < Y [12]1Z]).

Similarly one finds from (18) and example 4 that K;.j — K,_j is trace class. Its

continuity in trace norm follows from that of K¢, — K{_;, and the fact that (1 + Wfﬂ-o)_1
is a B(H)-valued norm continuous function of A on R* (use equation (19) and the inequality

1Y Zly < IYILIZID.

(i) From a relation analogous to (22) one finds that (Q)_"[Rg+i0 — R;_iO]A is trace
class. Now, if ¢ € Ci°(R) is such that ¢(u) = 1 in a neighbourhood of A, then
(R, — RY_i,)lI — @(Hy)] converges to zero as ¢ — +0, so that Wy, — Wy, =
[UAp(Hy){(Q)“] x [(Q)”‘(Rf\’ﬂo — Ri’in)A]. Since U Ap(Hy)(Q)* extends to an operator
in B(H) (see lemma 1), it follows that W?,,, — W{_,, is trace class. Its continuity in trace
norm follows from the continuity in Hilbert—Schmidt norm of the mappings A +— M4 (A) and
A= Mgy« (X). (iii) To treat the operator W9 — W,_io, we choose ¢ as in part (ii) above
and have Wjjo — Wi—io = B1 x (Q) “[Ry+io — Ry—io](Q) ™ x B, where B; = UA@(H){Q)"
and By = (Q)"“ A belong to B(H). Setting W7 = (Q)“VR(Q)™, K, = (Q) ™R {Q)™" and
K2 = (Q)™ R(Q)™, one finds from the first resolvent equation that K, = K2(1 + WZ")_1 =

(I + W7 )71*IC§. All equations given in part (ii) of the proof of lemma 3 remain valid if one
replaces K, K¢ and W? by KC;, K7 and W7, respectively, so that

—K —K 0 _1* 0 0 0 _l
()™ [Rysio — Ruciol{0) ™ = Kiwio — Kacio = (I + Wihio) (Ko — Ky_io) (I +Wiio) -
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Now, as in part (i) above, KCy.4i0 — KCo—io 1s trace class and depends continuously on X in trace

norm, and (I +Wy +10)71 exists and is norm continuous in A (WY plays the role of the operator
W? for the potential V' = A’U’A’ with A’ = (Q)™ and U’ = U A*(Q)*). O

3. Time delay operators

In this section we present stationary expressions for the time delay operator and for its trace.
The results are valid for potentials satisfying the condition (C,) for suitable values of the
parameters « and ¢. In order to avoid certain technicalities occurring when U is an unbounded
operator (i.e. when U, # 0), we shall restrict the proofs here to potentials for which U, = 0,
and we shall indicate in the appendix how to treat the general case and how to interpret our
equations in that case.

We first derive from Lavine’s formula (2) a stationary expression for the time delay
operator T () (this expression has been given in [12] in a somewhat different language). As
pointed out in [12], the integral in (2) is absolutely convergent if { f3} and {g;, } have compact
support in R*.

Proposition 2. Assume that V satisfies (C,) withk > 1/2. Then

2 3
T = T”M(AQJ*(A)UM(AQJ*(A)*. (23)

Proof (assuming U, = 0). Let J be a closed interval in R* and denote by E((J) the spectral
projection of Hj for this interval. By (2) we have, for f, g € R(Eo(J)),

o0
(f, HiTg) = / (e7H! f QF AUAQ_ e i g) dr. (24)

—00

We use (9) to rewrite (24) in terms of the operators M(aq )-(A) and then apply Parseval’s
formula:

o0
(fs HoTg) =/ dff d)»/ du e * M (Maq y(W)* o, UMag (1) gp)
—00 J J
= 27‘[/ d)\(M(Agi)*()\.)*f)” UM(ASZ,)*()\-)*g)\) E/ d)\(f)h,)xT()\.)g)),
J J
which shows that (23) holds for almost all A in J. (|

By proceeding as in the preceding proof, it is easy to derive a stationary expression for
the S-matrix S(1). The scattering operator S in L?(R") satisfies the following relation:

o0
S—I1=(-Q)Q_ = —i/ ™ AUAe M Q_dr.
—00
This leads to

R()\) = S(}L) -1 = —ZjTiMAU()\)M(AQJ* ()»)* (25)

Proposition 3. Assume that V satisfies (Cy,) with « > n/2. Then T () is a trace class
operator in L>(S"~Y). Its trace T () is a continuous function of A (. > 0) given as follows:

W) =TT\ = _71 Tr U(K;4i0 — Ki—io)- (26)
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Alternatively one has the following expressions for t(A):

T = = Te{O(1+ We) ™ (Kfuio = Kio) (14 Weig) '} @7)
2 1. %
- %Tr{MA()»)(I W) U1+ W)™ M)} (28)

Note that the trace on the lhs of (26) and that in (28) are taken in L*(S”~!) whereas the
one on the rhs of (26) and that in (27) are in L>(R").

Proof (with U, = 0, hence U € B(H)). By example 4, Mg )-(A) is a Hilbert—Schmidt
operator. So T ()) belongs to the trace class (see (23)). By the cyclicity of the trace we deduce
from (23) that

o
) = Tﬂ Te{0 Mgy ) Meag (W) (29)

By virtue of (18), this implies (26). Equation (27) now follows by taking into account
equation (19), and (28) is obtained from (27) by using (22). O

In the situation described in proposition 3, T (1) is an integral operator in L2(S"~!): there
is a square-integrable function T'(%; -, -) on §"~! x §"~! such that

[T (M)h](w) = / T} w, @ )h(o) do (wes"h (30)
Snfl

for h € L>(S"~!). We shall express 7' (1) in the form T'(A) = T1(A)T>(1)*, where T;(A) and

T» () are Hilbert—Schmidt operators from L?(R") to L?(S"~!). We denote the integral kernel

of the Hilbert—Schmidt operator 7} (X) by T} (A; w, x) and that of 7,(%) by T>(A; w, x), with

x € R"and w € §"!. Since the kernel of To(A)* : L2(§"™") — L2(R") is just Tr(A; w, x),

we have

n

T\ w,0) = / Ti(A; 0, x)Th(A; o, x) dx. (31)

In terms of this expression for 7' (A; w, '), the trace of T (4) is given as follows (see example
X.1.18 in [24]):

tA)=TrT(A) = / T\ w, w)dw. (32)
Sn—l

We now show that the kernel 7'(A; w, @) is continuous in all three arguments. More
precisely, as T(A; w, «’) is defined only for almost all w, @’ in $"~', given a realization
T (M; w, @) of this kernel, it can be modified (for each fixed A) on a set of measure zero in
w, @' such as to become continuous in these two variables (continuity in A is already contained
in proposition 3).

To prove the preceding assertion, we interpret the rhs of (31) as the scalar product
in L2(R") between T>(A; o, -) and Ty(A; @, -). We observe that, for j = 1,2 and fixed
A >0, T;(X; w, -) defines an element of L%(R") for almost all @ € §"~!, so that each of these
two kernels can be viewed as defining an L?(R™)-valued function on §""'\N i, where N; is a
null set in §"~! (depending on A). In the proof of the next proposition we establish the fact
that, after modification of these L?(R")-valued functions on a null set in "7, they become
(strongly) continuous in w and A. Consequently, after these modifications, the scalar product
in (31) is continuous in A, @ and w’.
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Proposition 4. Assume that V satisfies (Cy,) with k > n/2. Then, for each » > 0,
the time delay operator T (X) can be represented as an integral operator T (\; w, @), and
this representation can be chosen in such a way that the map (A; w, @) — T(\; w, ')
is continuous on R* x S"~! x S"='. Furthermore, the map (A, w) — T(A; w, ®) is then
continuous on R* x §"1.

Proof (with U, = 0). As in proposition 10.5 of [20], one may use a stationary expression for
Q4 to find that, for k > n/2,

Magy ) = MaO)(T+ W) (33)

This gives the following expression for the time delay operator (23):
2 0 -1~ 0 —1%* *
T(G) =M, (I +WP_o) O(I+WPg) Ma()* (34)

The idea of the proof is explained in the comments preceding the proposition. We take
Ti(h) = 20" MAQ) (I + W2_0) " U, To(h) = MaW)(I+ WP ). To prove the first
assertion of the proposition, we have to verify the following claim: the L?(R")-valued
functions determined by the integral kernels of 7;(A) become strongly continuous after
modification on a suitable null set in "1,

(i) Let F be a bounded operator in L2R") (in our application F = [ or F = 0).
For A > 0, fix a function G(; w, x) representing the integral kernel of the Hilbert—Schmidt
operator M 4 (1) (I + W/{’fio)ilF : L2(R") — L*(S§""). Then G(); w, -) defines an element of
L*(R") for almost all w € $"~!: there is anull set N, in S”~! such that, for w ¢ N,,G(A; w, -)
determines a continuous mapping W : L?(R") — C, namely

v (f) = / G(hi w,x) f (x)dx, (35)
with
1/2
Wi < [/ |G<x;w,x>|2dx] I1£1.
Rll
We introduce another continuous mapping @ : L*(R") — C by setting

DL (f) = e VAT A () (Y, f) (x) dx, (36)

(n—2)/4 /
J2Ca)" ]

with ¥; = (I + Wffio)ilF. Since A(-)(Y5 f)(:) belongs to L'(R"), ®% is defined for all
o € 8"~ ! and depends continuously on @ and A in the sense that, for each f € L>(R"),

, (n—2)/4 1
A . [ . 2 — Iy -
[©4() = @4 (N < == 14O 1Y = Vel I 11+ o=

12
X [ |(A(ﬂ—2)/4 e—l«/xa)-x _ )\'/("1*2)/4 e—l\/)Tw -X)A(x)|2 dx} ”YN ” “f” (37)
R"

(ii) For fixed f in L*(R") one has WA (f) = ®2(f) for almost all € S"~'\ N, since both
WA (f) and @ (f), viewed as functions of w, are representatives of the equivalence class in
L2(5"1) of the vector M4 () (I + Wf_io)_lFf. So, for each f in L>(R"), there is a null set
N;.(f) in $"~! such that W2 (f) = ®*(f) for all ¢ N, (f) (note that N, (f) contains the
null set N, introduced in (i) above).
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Let V be a countable dense subset of L*(R") and let M, = UfeV N, (f). M, is anull
setin $"~! and

WE(f) = @k (f) Vf eV, Yo ¢ M.

By continuity we then have W (f) = ®%(f) for all f € L*(R") and all ® ¢ M. Since, by
(37), (A, w) > @ is strongly continuous as a L?(R")-valued mapping, we have completed
the verification of the claim made at the beginning of the proof. The remaining assertions of
the proposition are now straightforward consequences of (37). (]

4. Time delay for scattering of a beam

As pointed out in the introduction, in order to relate the behaviour of the time delay to that of
the scattering cross section, one should define the time delay for an essentially monoenergetic
and well-collimated beam of initial states. This kind of time delay was considered in [25].
Here we apply the description of a beam that was used for the derivation of the scattering cross
section in section 7-3 of [20].

Let & be the set of wavefunctions g € L?(R") satisfying (i) ||g|| = 1, (ii) the Fourier
transform g of g belongs to L>®(R") and (iii) there is w, € §"~! such that the support of
g is a compact subset of the open cone {k € R" | k- w, > 0}. For fixed g € &, we
denote by IT the (n — 1)-dimensional hyperplane orthogonal to w, and consider an ensemble
of states obtained by translating g by vectors b € II, with a uniform distribution over IT
of the values of . Thus the beam generated by g is the collection {U(b)g |b € I}, with
[U®)gl(x) = g(x —b),x € R". We denote by X(g) the support of g in the spectral
representation of Hy, i.e. £(g) = {» € R*|+v/Aw € supp & for some w € §"~'}.

The basic result for determining physical quantities defined in terms of a beam is given
in the following lemma for the proof of which we refer to the appendix.

Lemma 4. Consider a Hilbert space K = L*(O, m) over some measure space (O, m) and let g
be avectorinE. For » € R, let X1 (M), X2(A) : K — L*(S"") be Hilbert-Schmidt operators
satisfying || X j(M)]l2 < const < oo forall A € X(g), (j =1,2). Set Y(A) = X1 (M) X2(A)*
and let Y = {Y (L)} be the associated decomposable operator in L2(R"). Then

fdb(U(b)g,YU(b)g) =(271)”_l/ ,\—<"—‘>/2d,\/ Y (s 0, o) - 0] g (@) do.
11 E(g) Sn—l
(38)

Here Y (A; w, o) is the integral kernel of the trace class operator Y (1), given as follows in
terms of the kernels X j(A; w, &) of the Hilbert=Schmidt operators X ;(A)(j =1, 2):

Y (% w,w’)=/ X1 (& 0, 8)X2(A; o', §)m(dE). (39)
(@]

To obtain physically relevant information from this lemma, one will choose the
wavefunction g such that its momentum support is very small. Suppose that (A, ®) +—
Y (A, , ) is continuous, and consider a sequence {g;} in £ such that the support of g,
(the Fourier transform of g;) shrinks to a single point k, = +/A,®, as £ — o0o. Then the
expression on the ths of (38) will converge to (27)"~'A, =1y ZY(AO, w,, W,). Upon averaging
this quantity over all initial directions w,, one obtains (®,, denotes the surface area of §"~!
and IT the (n — 1)-dimensional hyperplane orthogonal to w,)

1 2 n—1
— dw, lim f db(U (b)g,, YU (b)g) = % TrY(),). (40)
O, Jo t=oo Jp1 Ao 0,
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As an example, let us take K = L*(R™), X;(A) =T;(0) with T; (1) as in (31). Then Y (1)
is just the on-shell time delay operator. So, under the conditions of proposition 4, the time
delay for a beam of energy A, averaged over all initial directions, is given by the formula

(27.[):1—1 T T — (27.[)n—l
)L(nfl)/Z@n rT(h) = )\‘(n+1)/2®nl’

Another example is obtained by taking K = L*(S"!), X;(A) = X»(L) = R()*,
with R(}) as in (25). Then TrY(A) = TrR(A)*R(A) = ||R(A)||%. Since the probability
for scattering of g into a cone C (not containing the forward direction w,) is given as
fz(g) da fcmSH |[R()»)g,\](a))|2da) (see [26] or lemma 6.7 of [20]), the averaged total scattering
cross section & (1) at energy A, for scattering of a beam, is

n—1
() = %A*“*‘VZMRQN@. (42)

n

T(A) = Tr U (K;4i0 — (Ka—io)- (41)

It will be useful to know expressions for & (A) similar to (26)—(28). By using the stationary
formula (25) for R()), the cyclicity of the trace and lemma 3, one finds that

@n )\'(,,,1)/26()\) _ 1
(27‘[)”+1 (27.[)2

= Tr[May (W)*May M Maq_y- (M) Mg y(M)]

Tr[R(A)*R()]

1
=5 Tr[May (M) * May (M) (Kisio — Ki—io)] (43)

= Te[ My O (I + W)™ MaOG)* MAQY (I + WPio) ™ May (0)7]. (44)

5. Analyticity of time delay and scattering cross section

For the remainder of the paper we consider exponentially decaying potentials. More precisely,
we assume that V = U A? is as follows :

(Ey) (i) A(x) = e ™ witha > 0;

(ii)) U = U, + U, with real U; and U, satisfying (x)U; € L*R"),x - VU, €
L>®®R"); (x)U, € L*®R") + L1(R") for some ¢ satisfying g > 2 and g > n/2.

We say that V satisfies condition (E, ,) if ¢ > n in (ii).

Since [(d;A)/A]l(x) = —ax;/{x), the operator U from equation (4) here takes the
following form:

U=l71+l72+%P~QU2—%U2Q~P 45)
with
7 ~12 1 7 n ~12
U1:U1—O[<Q> Q U1+§Q-VU1 and UzZ(l-E)Uz—(Z(Q) Q U2. (46)

We note that U7, € L®(R") and U, € L®(R") + LY(R") with g as in (Eg).

We shall consider integral operators Mfe (z) : L*(R") — L*(S"!) defined by kernels
27122y —1/27(n1=2/4 g=aX)g (x) eFiVZor wheref : R — Candz € C\ (—00, 0]. Particular
operators of this form are Mjf(z) @ = 1) and Mfu(z) (@ = U). Here and in what
follows the principal branch of the occurring roots is chosen (i.e. the branch cut is along
(—00,0]). For z € C, we write z = £ +in (¢, n € R) and define a complex domain A by
A ={z € C\(—00,0] | [Im/z| < a} = {z € C\(—00,0] | n* < 4a*(& +a*)}. We note that
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A is symmetric with respect to the real axis; apart from the cut on (—a?, 0], it coincides with
the interior of the parabola given by n* = 4a?(£ + a?).

Lemma 5. Let 6 € L*(R") + LY(R") withq > 2 and q > n/2. Then we have the following.

(a) MAig (z) are Hilbert-Schmidt operators for each 7 € A.
(b) The functions z — M ig (z) are holomorphic in Hilbert-Schmidt norm in the domain A.
(c) The functions z > M4, (Z)*M/:fe (z) are holomorphic in trace norm in the domain A.

Proof. The result of (a) is a consequence of the following bound for the Hilbert—Schmidt
norm of M7, (z),

2 n— —2a(x JIm x
M35 < s a1 [ oot eHmi g @)

2(2 )n

by observing that the integral is finite for each z € A (using the Holder inequality).
For (b), it is enough to show that, as functions of z € A\(—oo,0], the mappings
(x, w) > e~ eXiVZorg(x) are differentiable in L2(R" x §"~!). This is easily obtained by
using the Lebesgue dominated convergence theorem, taking into account the bound

|e:i:i§w~x _ e:i:i{’a»xl — |e:i:i{w~)r{1 _ e:l:i({’fg)a»x”
< o - xl]g — ¢/ [PV max({1, =100 ),

Finally (c) is a simple consequence of (b) (using [|Y Z|l1 < Y211 Z]]2)- ([l

We introduce the notation {K ”*} for the restriction of the family {K ? } to the upper half
complex plane C* = {z € C | Imz > 0}. Similarly, for z € C*, we shall write W/*, K}
and W for the operator W?, K. and W_, respectively. We are interested in finding analytic
extensions of these families of operators across R* into the lower half complex plane. These
extensions will be denoted by K o* W"+ etc. So for example there will be an analytic B(H)-

valued function z K;* on C+ U A such that k;* = K{" = K¢ for z € C*. For z in the
lower half complex plane C™ we shall denote the operators K7, W7 etc by K 27, WZ" ~ etc and
their analytic extensions into the upper half plane by K o, WZ"_ etc

Lemma 6. Assume that V satisfies (E,). Then we have the following.

(a) The functions z — K?* and z — W?* have holomorphic continuations in norm, denoted
by IA(;J' and WZ”J' respectively, to C* U A. The functions z — K?~ and z — W?~ have
holomorphic continuations in norm, denoted K~ and W7~ respectively, to C~ U A.

(b) The operators k °* and W”i are compact for each z € A.

(c) For z € A one has [K“ ] = kf*.

(d) For z € A one has R(K"i) C D) and UK"i W"jE

(e) The functions A > z — (I + WZ”i) " are meromorphic in norm. The poles 0f(1+ WZ”*)
(if any) lie in the lower half plane (i.e. in A N C™), those of (I + Wz"_)_l in the upper half
plane, and the residues at these poles are finite rank operators.

(f) The functions z + KZi have meromorphic extensions, as compact operator-valued
functions, to the domains CTUA.

-1

Proof. (a), (b) Let z € C*. For b > 1, denote by E}, the spectral projection of Hy for the
interval (1/b, b) and set Ej, i+ = I — E,. By taking into account (12) and then using Cauchy’s
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theorem, we get

b
K™ = AR°E,A+ AR‘ELA = /1/;, T Ma ) M) dh AR‘E}A
1 _
- / My Ma ) dC + ARVEL A, (48)
Y

where y is any smooth curve in A N C™ leading from the point 1/b to the point b.
Equation (48) implies that K?* admits a holomorphic extension to the domain A\{(0, 1/b] U
[b, c0)}, hence to A since b is arbitrary. Equation (48) also shows that the thus defined
operators K ;” (z € A) are compact. The other assertions in (a) and (b) are obtained similarly.
(c) This follows from the relation K¢* = K¢ by analytic continuation.

(d) If z € C',h € DWU) and g € H, we have (Uh, K*g) = (h, W*g). By analytic
continuation we get that (Uh, k§+g> = (h WZ""g). This shows that k;+g € D(U) and
Uk§’+g = WZ‘)”g. See also lemma 2(c).

(e) As explained after equation (16), the operator 1 + WZ"J’ (resp. I + W?7) is invertible for
each 7z € C* UR" (resp. z € C~ UR™), with inverse in B(H). Therefore the statements of (e)
are consequences of the analytic Fredholm theorem (see, e.g., [23]).

(f) This follows from (a),(b) and (e) by taking into account equation (16). O

Proposition 5. Assume that V satisfies (E,). Then we have the following.

(a) For z € A, the operators K o — K " and WZ"J’ — WZ"_ are trace class and given as follows:

K" — Ko™ =2miMs(2)*Ma(2) 49
and
W — WO~ = 27iMay (2)* M (2). G0

(b) The functions z +> k;* — IA(';’ and 7 +— W;* - WZ‘” are holomorphic in trace norm in
the domain A.
(c) The function A > z — K! — K_ is meromorphic in trace norm.

Proof. Equations (49) and (50) hold for real z, hence for all z € A by analytic continuation.
The holomorphy of these functions in trace norm then follows from lemma 5(c). The fact
that the meromorphy of the difference K - K - holds in trace norm is obtained from (21) by
taking into account the result of (b) and lemma 6. U

Proposition 5 implies that the trace of the time delay 7(1), defined on R* and given by
(26), has a meromorphic continuation to the domain A, namely

1(2) = ;Tr{fj[f(;—f{z_]}. (51)

The possible poles of this function in the lower half plane lieintheset 2~ := {z €e ANC™ | ({+
WZ”*) is not invertible}. The points in &~ are often referred to as resonance poles, because the

poles of the meromorphically continued S-matrix S(z) = I —27iM4(2) (I + WZ‘”)_IM (@
(see, e.g., proposition 10.12 of [20]) must belong to E~. In many situations each point in £~
is in fact a pole of S(z) (we refer to [27, 28] for more detailed investigations of this question).
In our context it is important to realize that poles of the time delay in C~ will coincide with
resonance poles. Also one may expect that a resonance pole will often be a pole of both the
S-matrix and the time delay. This corroborates the idea mentioned in the introduction that a
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physical resonance should involve a large scattering cross section and a large (though positive)
time delay. Section 6 below contains some details on this.

The poles in C~ of the meromorphic continuations of the physical quantities T(X) and
& (1) determined by the theory of scattering of a beam (equations (41) and (43)) will also
belong to the set B~ of resonance poles; indeed we have 7(z) = 27)" 'z~ V27 (z)/0,
and

(2m)"
6(z) = 0.1
However, equations (51) and (52) show that these quantities may also have poles in the
upper half plane C*, namely in the set E* := {z € ANC*|(I + W;’) is not invertible}.
When approximating the time delay or the scattering cross section at real values of z by pole
contributions, the poles in E* will have to be taken into account along with the resonance
poles in the lower half plane (see section 6).

In the preceding context it is interesting and useful to know that poles in the upper half
plane and poles in the lower half plane appear in pairs in the sense that z € E* if and only if
7 € &7. Indeed, proposition 6(a) below shows for example that if the null space N (I + WZ"_)
of the operator 1 + WZ‘" is non-trivial (i.e. of dimension at least 1), then so is the null space of
(I + We*)", which implies that N'(1 + W*) # {0} (because N'(I + K) and N'(I + K*) have
the same dimension if K is compact; see, e.g., theorem 6.8 in [29]).

P T May (2)* May () (KF — K)]. ©2)

Proposition 6. (a) Let V satisfy (Eo),z € A and f € N(I + W™). Then K™ f €
N((I+We)'), and Ko~ f #0if £ #0.
(b) Assume that V satisfies condition (E,,). If z € A and g € N((I + WZ‘”)*), then
UgeN(I+W¢),andUg #0if g # 0.
(c) Under the assumption of (b) one has for all 7 € A:

dim N (I + W?™) = dim N ((I + W2*)") = dim N (1 + W2H).

Proof. We shall use the relation [k ;’*]* = K2~ from lemma 6.

() Let f € N(I +W?7). Then f = —W?"f = Uh with h = —K’"f € D)

(lemma 6(d)). So (I +We*)'h = (I + K U)h=h+K"f =h—h=0.If f #0, we

must have & # 0 (since [ = Uh).

(b) Let g € N((I + WZ‘”)*) Then g = —W;’+*g. By lemma 9(b) given in the appendix, we

thenhave g € D(U)and Ug = —VAVZ”_Ug. SoUg € N(I+W;_). Also, since g = —IA(;J'*Ug,

we must have Ug # 0if g # 0.

(c) By the results of (a) and (b) there is a one-to-one correspondence between A (I + WZ‘")

and \/ ((I + WZ‘”)*) The second equality follows from theorem 6.8 of [29] mentioned above.
O

We add two results which are related to proposition 6 and which will be of interest in the
. . A o+\/ 2ot
next section. We write (Kg ) for [d/dez ]|Z=€.
Lemma 7. (a) Let V satisfy (Ey) and let f € ./\/(I + WZ‘”) withz = » —il" € A for some
A>0andl > 0. Then
* I ! go—
(fs Ma(D)*Ms(2) f) = ﬂ/ (f> (K5r) f)ds. (53)
—1

(b) Let V satisfy (E, ) and let g € N((I + WZ‘”)*) with z as in (a). Then

r ! . ,
(8. Mau(@D*Muy(2)g) = o / (Ug. (K{ir) Ug)ds. 54
-
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Proof. (a) Let f € N (I + Wf*) Then, as in the proof of proposition 6, we have f = Uh
with h = —K?* f satisfying (I + W2™)"h = 0. Thus we have

(h, (1+ W) f) = 0. (55)
Also, by taking into account (49) and lemma 6(d) we obtain
27 f, MA@ Ma@) f) = (b, (W = W) f) = —(h, (I + W) f). (56)
Addition of (55) and (56) leads to
2mi(f. MA@ Ma(2) f) = (b, (W2~ = WIT) f) = (f. (K27 = KT7) f). (57)

(53) follows from (57) by virtue of the mean value theorem.
(b) By proposition 6(b) we have Ug € N (I + WZ" _). A simple adjustment of the arguments
used in (a) above then leads to

27i(g, May (2)*May(2)g) = 2mi{Ug, Ms(2)*"Ma(2)Ug)
= (Ug, (K& = K" Ug),

from which (54) follows with the mean value theorem. O

6. A Breit—-Wigner type approximation

It is interesting to consider the situation where a scattering pole (and hence also its conjugate
pole) lies very close to the real axis. So let us assume that z, = A, —i[' (0 < ' < A,) is
a resonance pole, with z, = A, +il" its conjugate pole. Assume, furthermore, that there is a
number m not less than 3 such that the disc {|z — A,| < mI'} of radius mI" centred at A, is
contained in A and contains no resonance poles other than z,. One can then expect to obtain
a reasonable approximation for the time delay (given by equation (28)) and the scattering
cross section (equation (44)) at energies A near X, by evaluating (I + Wy Jrio)_1 in terms of the
Laurent series at z,, of (I + W;”)il and by omitting terms in (A — z,)* withk > 0
Following [30] we write the power series for I + WZ‘“’ at z, as

I+ W =" Az — 20", Ax € B(H), (58)

so that Ag = I+ W2 and Ay = (W) := [d/dzW*]| _ . Since z > We* is a
holomorphic operator-valued function, the number —1 is an eigenvalue of W”* for each z
in some neighbourhood of z,. The associated projection is

P( )—L (z+We)'d (59)
¢ _Zni/V e+ W 3

where y = {¢ € C||¢ — 1| = &} for ¢ sufficiently small [24, 30]. We set P, = P(z,). Let
us make the additional hypothesis that the eigenvalue —1 of Wzoo" has algebraic multiplicity
1. Then P, is an idempotent operator of rank 1. In particular, the null space of I + WZO: is
one-dimensional. We fix a normalized vector x in this null space: WZ”: x=—xlxll=1
and P,x = x. Then P, has the form P, = |x)(n| for some n € H, with (n, x) = 1. It
follows that P*n = n, so that n € N/ ((1 + W”*)*) since P is the projection associated with
the eigenvalue —1 of the adjoint W"+ of W"* We observe that ||n|| > 1 (since {n, x) = 1),
with strict inequality in general (equallty can hold only if Py = P,, i.e. if P, is an orthogonal
projection).
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Lemma 8. Assume as above that P, is an operator of rank 1, P, = |x){(n|. Also assume that
a:= (17, (WZ{”)/X) # 0. Then the pole at z, of (I + WZ‘”)_I is of order 1 (i.e. it is a simple
pole) and the associated Laurent series implies that
Aoy —1
(T+Wo) ' = +9(2), (60)

a(z — zo)

where ¢ is holomorphic in the domain {|z — A,| < mTI'}.

Proof. By the analytic Fredholm theorem [23] there is N < oo such that the Laurent series of
(1+ WZ‘”)_I at z,, has the form

(1+ Wzﬁ)il = Z Bi(z — z,)5, B € B(H). ©1)
k=—N

Under the hypotheses of the lemma, we must have N = 1 (i.e. By = 0 for k < —1) and
B, =B_P,=P,B_; = P,B_1P,. This follows from theorem 2 of [30] the hypotheses
of which are easily seen to be satisfied: hypothesis (ii) is just the condition that @ # 0, and
hypothesis (i), namely Ajf = 0 = Agf = 0, is not difficult to check: if f is such that
A} f =0, then Ay f = cx for some constant ¢ (because N (Ag) is one-dimensional in our
situation), and then ¢ = (n, cx) = (n, Ao f) = (Ajn, f) = 0 because Ajn = 0.

The equation ) 2 | Bi(z — z0)" x Y724 A;(z — z,)/ = I now shows that /| =
B_1A; + ByAy. Since Aox = 0 this 1mplles that X =B_1A1x = B_1P,Aix =aB_yx. So
B_y = B_1P, = |B_1x)(nl = (1/a)|x){nl = (1/a)P,, which proves (60). u

By inserting in (28) and (44) the approximate expressions [a(A — z,)]~'P, and
— —1%*
[@(. — 2)17'Pr for (I + We,o) ™ and (I+WP,,) " respectively, we get that in this
approximation (designated by the symbol ~~)

B (27‘[)" )\,7('”1)/2 .
F) = G T o e e MaP U Ma()']
O A Mol . D) (MG
On lal[(d —10)? +T7] ’
n —(n+1)/2
- (Zn) W[(i ! Ao))/z g 0 O IMA GO I (62)
and
B (zn)nﬂ kf(nfl)/Z
G(A) ~ ®, JaPlo = i)+ T Tr[Mav (M P; MaA(R)* MaA(M)PoMay (1)
(27T)"+1 Af(nfl)/Z

o TPl =P T T 1M au I Ma) X1 (63)

Let us mention some interesting features of these expressions. As in the Breit—Wigner
formula, both (62) and (63) have a factor (A — A,)> + I'? in the denominator, and both
contain a factor ||[M4(A)x||*> in the numerator. By the mean value theorem, replacement
of [Ms(\)x > by (x, M4(Z,)*M4(zo)x) will introduce an error proportional to I', and
(X, Ma(Z,)*Ma(z,) x) = cI" for some constant ¢ (depending on V and z,,; see lemma 7(a)). In
this sense the approximate time delay 7 (), equation (62), contains a factor I'/[ (A — A,)>+T2],
and its sign is determined by the quantity (1, Un). The fact that it is the virial V rather than
the potential itself that is important in determining the sign of the time delay has also been
stressed in earlier publications (e.g. [11, 31]).



9250 W O Amrein and K B Sinha

The averaged total scattering cross section &(A), equation (63), contains, apart
from |M4(A)x|? also a factor |[Muy(AM)n|>. As above, its replacement by the
quantity (n, May(2,)*May(z,)n) amounts to an error proportional to I', and again
(N, May(Z5)*May(zo)n) = ¢'T' for some constant ¢’ by lemma 7(b). So, in such an
approximation, & (A) will contain a factor r? /(A — Xo)? + I'?], ie., it will be of the usual
Breit—Wigner type.
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Appendix. Time delay for potentials with local singularities

In section 3 we have limited the proofs of different properties of time delay to potentials having
some degree of regularity, in particular no local singularities (i.e. potentials with U, = 0). In
general, the operator U of equation (4) will have the following form:

U:UI+L72+%P-QU2—%U2Q-P, (A1)

with U, and U, given by (46). Each term in (A.1) gives a contribution to the time delay
operator, as shown for example by (2). We shall discuss here the contributions from U, and
P - QU,. We recall that the functions U, and (-)U, belong to L>°(R") + L4(R"), where ¢
satisfies ¢ > 2 and ¢ > n/2 (even g > n in propositions 3 and 4, also in section 6).

A first way of avoiding the occurrence of unbounded operators in the expression for 7 (A)
is to fix a real number m < info (H) and to define the operator Z = (Q)“(H + m)~'V(H +
m)~'(Q)*, which belongs to B() and in terms of which one obtains from (2) the following
formula for 7'(1):

2 (A +m)?

T()\.) = fM((Q)*KQi)* ()\)ZM((Q)—KQJ* ()\.)* (A2)

One then has 7(1) = —iA~'(A + m)> Tr[Z(Q) ™ (Rsi0 — Ri_i0)(Q) ] for all potentials
satisfying (C, ) with « > n/2. By evaluating commutators, one can transform this expression,
for exponentially decaying potentials V (satisfying (E,)), into the form

T(A) = _71 Te{[0) + LONNKsio — Kiiol). (A3)

where £ : R* — B(H) is a polynomial function of degree 2 given in terms of
U, (H +m)~!, P;, A and its derivatives. Equation (A.3) leads to the properties of the
meromorphic continuation t(z) of t(A) already discussed in section 5. The continuity
properties of the kernel T'(A; w, ") of T (), proposition 4, can be obtained as in the proof
of that proposition by taking for example 7i(A) = 27A~'(A + m)*Mg)~q_)(A)Z and
Th(A) = Mygy~a y»(A) = Mgy—~(A) x (Q) ¥ (Hp)Q* (Q)™* (as stated in example 4 one
has (Q)* ¢ (Ho)QX(Q)™ € B(H) [21]). 5

An alternative approach consists in including the unbounded terms of U in the operators
Maq y»(A) occurring in (23). For example, the contribution of U, to the result of
proposition 2 may be interpreted as 271)»_1M(AQ_)*UZ (M Mg y-(A)*, that of (i/2)P - QU,
as imr~! Z';zl Maq_yp;(M)Maq_yo,u,(A)*. The operators Mc(A) occurring in these
expressions are well defined: three of them are of the form M(4q_)« (1) discussed in examples
4and 5, and M0 )+p; (1) is treated by an argument similar to that in example 5 by observing
that P;AQ_Eo(J) = AP (H){(Q) x(Q)*Q_Ey(J)—i(9;A)Q_Ey(J), which shows that
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P;AQ_ is locally Hy-smooth on R*. If ¥ > n/2, each of the above four operators Mc¢ (1) is
Hilbert—Schmidt.

If V satisfies (Cy ,), then X; := Q;U, belongs to L*(R") + LY(R") with ¢ > n, so that
X;P;(H+m)™' = X;(Hy+m)™"* x P;j(Hy+m)'?(H +m)~" € B(H). Hence

X;P;ACH +m)" Q)" = X; P;(H +m) ' [A(Q)" — (AA)(H +m) "' (Q)"
—2i(VA) - P(H +m)~'(Q)*] € B(H)

(take into account lemma 1). This allows one to define Muq_yp,0u,(A) as
Ma_yp0,0,(A) = A+ m)Mpgyemy-1aq_yp0,0,(A) = A +m)Mgy+q_y X [X;P;A(H +
m Q)T )

If V satisfies (C,) with k > n/2, then the contributions from U, and (i/2)P -
QU,/2 to t(X), equation (26), may also be written as —ik’lTr[UzA(RA+i() — R, _in)A]
and (21)~! Z;l':l Tr[Q ;U A(Rysio — Ri—io)AP;], respectively, where the operators like
QU AR, +i0AP; are well defined in B(H); see lemma 9 below for details. If V decays
exponentially (condition (E, ,)), one may then obtain a Breit—Wigner type approximation,
as in section 6, by evaluating the traces in an orthonormal basis {e;} consisting of functions
belonging to the Schwartz space S(R"). For example, with the assumptions and notations of
section 6, one finds that

Tr[Q ;U2 A(Rysio — Ri—io)AP;] = Z(QjUZeka (Ki+io — Ky—io) Pjex)
P

=27i Y (Q,User. (I+ Wio) - MaQ) MaO) (I + Wi) ™' Prex)
k
2mi

= PO — h)? 4 T2

D Qi User ) (x IMa()* MA()|X) (0| Prex)
k

2mi 2
M4 ) x I”Te{| Q ; Uan) (P}

T JaPI(k = k)2 +T7]
_ 2
CalPl(v — A,)2 +T2]

Here we used the fact that n € D(Q;U,) N D(P;) (see lemma 9). By treating in
this way each contribution from (A.1) to U, one sees that the approximation (62) is
valid for all potentials satisfying condition (E,.,), provided that (n, Un) is interpreted as
(nUn) + (n, Uan) + (i/2) 35, [{Pin, Q;Uan) — (Q;Uan, Pin)] .

To present the details mentioned above, we introduce the following set A of closed
operators: A = {P;, 8}, where 6 varies over the class multiplication operators by functions
0 € L*°R") + L1(R") with ¢ > n. In the applications mentioned above, 6 is one of the
operators I, Uy and Q;U, (j = 1,...,n). If F is an operator from A, then F(Hy +m)~'/?
and FA(Hy + m)~'/? belong to B(H) (take into account lemma 3.13 of [22]). It follows
that F(H +m)~"/? and FA(H +m)~"/? belong to B(H) (because (Hy +m)"/>(H +m)~/? is
bounded; see proposition 9 in the appendix to IX.4 of [32]). It follows in particular that, if
Fy and F, are operators from A, then F1ARAF, and F1AR;AF, are well defined, bounded
operators for each z € C\o(H). Also, as seen before, FAQ_ is locally Hy-smooth on
R* for F € A, so that the operators Maq )-r(X) are well defined. They belong to the
Hilbert—Schmidt class if k > n/2.

IMa(M) xII*(Pjn, Q;Uan).

Lemma 9. (a) Let V satisfy condition (C,,) with k > n/2, and let F| and F, be operators
from A. Then, for . > 0, the limits lim,_,,o F1ARS_,,AF, and FiAR)+i:AF, exist in
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norm and define bounded operators denoted FIARS _, AF, and FiAR)+i0AF,, respectively.
Furthermore

1
Mg yr (W) Mg yr (1) = 2—7Ti[F1AR,\+ioAF2 — F1AR,_i0AF,] € Bi(H). (A.4)

Also R(K;+i0) € D(F), F1K;+i0 € B(H) and FiAR+0AF, is equal to the closure of
F1Ky+ioF>.
(b) Let V satisfy condition (Ey ). Letz € A and g € R(WZ‘”*) Then g € D(F) for each
F € A, in particular g € D(P;) N D(U) N D(Q;U). Furthermore, Wz’”*g = IA(Z’”* Ug and
UWo g =W Ug.
Proof. (a) The operators (Q) R, +i.(Q) ™" have limits in norm as ¢ — +0. Taking in (17)
N = {(Q) ™ and C = FA, with F € A, one finds that FAR; 1;.(Q) ™" have limits in norm.
In particular, lim,_, ;o F1AR;+i- A and lim,_ +o(Q)“ R+ AF> exist in norm. Next, taking
N = AF,and C = F;Ain(17), one arrives at the existence innorm of lim,_, ;o F1AR;+ ;s AF>.
Since Fj is closed and defined on the range of AR, 1. A, the limit of F1AR,1i.A is equal
to F1K;+i0, with R(K;+i0) € D(Fy). The limit of F1AR;+i. AF, is just the closure of
FiK+ioF2.

To verify (A.4), one follows the arguments of part (i) of the proof of lemma 3; it suffices
to write

FiA[Rysie = Riiel Ey(H)AFy = FLACH +m)™"2 5 [(m + 1) (Rysie — Romie) Ep(H)
+ie(Rivie + Rucie) Ep (D] x (H +m)”"2AF

and to observe that each term on the rhs converges to zero in norm as ¢ — 0.

(b) For F € A consider the holomorphic B(H)-valued function G, := W)F = UARJAF

on C*. As in the proof of lemma 6(a) one finds that it has a holomorphic extension

in norm, denoted GZ, to C* U A; the operator Mar(A) that will occur in the equation
corresponding to (47) has been studied in lemma 5 if F = 6, and for ' = P; we just
have Mp, (1) = Mp,a(h) — iM@, 4 (), with [Mp, 4 () f1(@) = VAo [MA(L) f1(o).

Now let g € R(W?*'), g = W2 h for some h € H. For f € D(F) and { € C*, we have
(n, WFf) = (h, G, f). By analytic continuation this implies that (h, W*Ff) = (h, G_ f),
so that (g, Ff) = (W2 h, Ff) = (G*h, f). This shows that g¢ € D(F). From lemma 6(d)
we have, for each f € H,

(£, W g) = (UK f. 8) = (f, K" Ug),

which shows that W*'g = K?*'Ug = K2 Ug. It follows that UW*'g = UK Ug =

Z

WeUs. O

Proof of lemma 4.
(i) We have

/ db{U (b)g, YU (b)g) = / db / B0X0 (W)U () gl X2(0) U (B)gli)x
m no Jse

= [ab [ @ [ ma@TOTOEIO X0 WO (45)
n 2(g) o
Let us denote the integrand on the rhs of (A.5) by J (b, A, §). Then

/db/ dxfm<ds>|J(b,A,5)|
I 2(g) o

(HX1 ) U D)L, HX2 W) U D)L E) ) L2mixs () x0)
S IHX1 W) U D)LY E) 2 mixs ) x0) IHX2 (W) [U (D)1} E) | 2 (x5 (9)x0) -
(A.6)
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(ii) For j =1, 2, we denote the integral kernel of X ; (A)* by X;(A; &, ). Let us show that the
functions

(b, 1, &) = Gj(b, A, &) :={X; V)" [U(b)gli} (&)
— / e VAP X (1 £, 0) g () do (A7)
Su—l

belong to L*(IT x X(g) x O). For this we introduce in (A.7) a new integration variable u,
namely, the orthogonal projection of @ onto the hyperplane I1. This change of variables is
possible by the assumption on the support of g, and it is given by u = w — (@ - w,)w, (hence
w(u) = u ++/1 — ulw,, with u in the unit ball of IT). Observing that dw = [w - w,] ™" du, we
then have

Gi(b, A, &) = f du eV P[0 (u) - o] X O £, 0 (1)) g (0 (1))
I

= 2m) " V2 (Fa[(@@) - 0,) 7 X (4 &, 0 (@) gi(@@))]) (v/Ab) (A.8)

where Fp; denotes (n — 1)-dimensional Fourier transformation in I1. By using the Parseval
identity for JFp, one obtains that

/ dk/ m(dg)/ db|gj(b,/\,§)|2:(2n)”‘1/ r<"—1>/2dx/ m(d§)
%(g) o n X(g) o
X / dul[w@) - 0,17 X (A &, 0 W) gi (o))
I
= @ny! / A0V g, / m@e) [ dollo- 0,100 €. w)gi (@)
() @ sn—t

< e(g) / QX2 < oo,
2(g)

where c(g) is a finite constant depending on the support of g and on || g|| ..
(iii) From (A.6) and the result of (ii) we see that J (b, A, &) is absolutely integrable. Thus we
may interchange order of integration in (A.5). Integrating first over db, we get the integral

/ db{ X1 (M)*[U D)l ENX2 (W) (U (b)gli} (§) = / dbGi(b, A, 8)G2(D, 1, §).
n n
For almost all A and &, the integrand belongs to L'(IT) and, as a function of b, is equal to

the scalar product in L>(IT) of two functions each of which is a Fourier transform, by (A.8).
Hence by the Parseval identity

/ db 1 (b, . E)Ga (b, &, &)
I

2 n—1

= (MZ[——)U/Z/H dulw@) - 0,1 2 X1 (%; &, 0 ()8 (@) X (A; &, 0 () g (w(u))
(ZJT)n_l C—_—

= W/SH dolw - w,]7 X1(A; &, w)gr (@) X2 (X; &, w) g (w).

Upon applying fz(g) da fom(dé) to this expression and observing that X;(A; w,§) =

X;(X; &, w) (see (39)), one obtains the result of the lemma. It is easy to check, as in (ii)
above, that the integrand belongs to L' (X (g) x O x §"~!), permitting the interchange of the
order of integration). O
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